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A well-known result due to Thompson states that if a ﬁnite group
G has a ﬁxed-point-free automorphism of prime order, then G is
nilpotent. In this note, giving a counterpart of Thompson’s result
in the context of polycyclic groups, we prove: if a polycyclic group
G has an automorphism of prime order with ﬁnitely many ﬁxed
points, then G is nilpotent-by-ﬁnite.
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1. Introduction and main result
Recall that an automorphism ϕ of a group G is said to be regular (respectively, almost regular) if it
has no nontrivial ﬁxed points (respectively, ﬁnitely many ﬁxed points).
Let us consider a group G admitting a regular automorphism of prime order p. When G is locally
nilpotent, Higman [5] showed that G is actually nilpotent, of class bounded by a function depending
on p only. This function p → h(p) is known as the Higman function. For instance, we have h(2) = 1
[1, p. 90], h(3) = 2 [11], h(5) = 6 [5] and it is conjectured that h(p) = p2−14 for any prime p = 2. Later
Thompson [14] proved that when the group G is ﬁnite, then it is nilpotent (and so of nilpotency class
at most h(p) by Higman’s result). Here we consider the case where G is polycyclic. First observe that
in this case, G is not necessarily nilpotent. For example, in the inﬁnite dihedral group D = 〈a,b |a2 =
b2 = 1〉, the automorphism ϕ deﬁned by ϕ(a) = b and ϕ(b) = a is regular of order 2 but D is not
nilpotent. In [2], we proved that a polycyclic group admitting an almost regular automorphism of
order 2 is abelian-by-ﬁnite. Here we give a more general form of this result.
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G is (nilpotent of class  h(p))-by-ﬁnite, where h is the Higman function deﬁned above.
Higman’s result is an essential ingredient in the proof (but the result of Thompson is not used).
Observe that Theorem 1.1 cannot be extended to the class of ﬁnitely generated soluble groups, even
metabelian. Indeed the restricted wreath product Z  Z has a regular automorphism of order 2 (see
[2]), although this group is not nilpotent-by-ﬁnite.
It is worth mentioning that in Theorem 1.1, the index of the Fitting subgroup of G is not boundable
in terms of p and |CG(ϕ)| (as usual, CG(ϕ) denotes the set of ﬁxed points of ϕ in G and |CG(ϕ)| its
cardinality). For example, the direct product D × · · · × D of n copies of the inﬁnite dihedral group
D = 〈a,b |a2 = b2 = 1〉 admits a regular automorphism of order 2 (it suﬃces to extend in the obvious
way the automorphism ϕ : D → D deﬁned by ϕ(a) = b and ϕ(b) = a). Nevertheless, the index of its
Fitting subgroup is 2n and so cannot be bounded. That contrasts with results on locally ﬁnite or
locally nilpotent groups. More precisely, if a locally ﬁnite or a locally nilpotent group G admits an
almost regular automorphism of prime order p, then G is an extension of a nilpotent group (of class
bounded by a function of p) by a ﬁnite group of order bounded in terms of p and |CG(ϕ)|; see [3,4,
6,10].
At the end of this note, we shall give a result regarding polycyclic groups admitting an almost reg-
ular automorphism of order 4 and even of arbitrary ﬁnite order (see Proposition 2.1 and the comment
coming after).
2. Proofs
First, for convenience, we state the following easy fact.
Lemma 2.1. Let G be a ﬁnitely generated group and let H be a subgroup such that |G : H| < ∞. Then there is
a characteristic subgroup K of G such that K  H  G and |G : K | < ∞.
Proof. Put n = |G : H|. Since G has a normal subgroup of index at most n! contained in H , we can
assume that H is normal without loss of generality. By taking for K the verbal subgroup of G corre-
sponding to the laws of G/H , we obtain the desired result (the fact that G/K is ﬁnite follows from
[12, 15.71]). 
Lemma 2.2. Let ϕ be an almost regular automorphism of a ﬁnitely generated abelian group A. Suppose that
ϕm = IdA for some positive integer m. Then:
(i) There is a characteristic subgroup B  A of ﬁnite index such that for all x ∈ B, we have the relation
xϕ(x)ϕ2(x) · · ·ϕm−1(x) = 1.
(ii) When A is torsion-free, this relation holds for all x ∈ A.
Proof. Consider the endomorphism θ : A → A deﬁned by
θ(x) = xϕ(x)ϕ2(x) · · ·ϕm−1(x).
Then clearly ϕ(θ(x)) = θ(x) for all x ∈ A, hence im θ is ﬁnite since ϕ is almost regular. Consequently,
when A is torsion-free, im θ = {1} and so θ(x) = 1 for all x ∈ A. Thus the second part of the lemma is
proved. Now consider the general case. Since im θ is ﬁnite, ker θ is of ﬁnite index in G . By Lemma 2.1,
ker θ contains a subgroup B , characteristic and of ﬁnite index in A, and clearly B satisﬁes the ﬁrst
part of the lemma. 
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it is well known that the automorphism induced by ϕ on G/H is regular (see, for instance, [7,
Lemma 2.12]). In fact, we can remark that the proof of this statement provides almost without change
an analogous result when G is inﬁnite, namely, if ϕ is an almost regular automorphism of an arbitrary
group G and if H is a ﬁnite normal ϕ-invariant subgroup, then the automorphism induced by ϕ on
G/H is almost regular (see [2]). The next lemma is of similar nature. Its proof appears in [2] but we
give it here for the beneﬁt of the reader.
Lemma 2.3. Let ϕ be an almost regular automorphism of a group G and let H be a characteristic subgroup.
Suppose that H is abelian and ﬁnitely generated. Then the automorphism ϕ induced by ϕ on G/H is almost
regular.
Proof. Since ϕ is almost regular, the kernel of the endomorphism θ : H → H deﬁned by θ(t) = t−1ϕ(t)
is ﬁnite. It follows that H and θ(H) have the same torsion-free rank, hence |H : θ(H)| < ∞. By
Lemma 2.1, θ(H) contains a characteristic subgroup H0 of ﬁnite index in H . Thus every element
of H0 can be written in the form y−1ϕ(y), with y ∈ H . Denote by ϕ0 the automorphism induced by
ϕ on G/H0 and show that ϕ0 is almost regular. For that, consider an element xH0 ∈ CG/H0(ϕ0). Then
x−1ϕ(x) ∈ H0 and so x−1ϕ(x) = y−1ϕ(y) for some y ∈ H . If t1, . . . , tk is a left transversal to H0 in H ,
we have y = tih (1 i  k, h ∈ H0) whence x−1ϕ(x) = h−1t−1i ϕ(tih). It follows ϕ(xh−1t−1i ) = xh−1t−1i ,
hence xh−1t−1i ∈ CG(ϕ) and so x ∈ CG(ϕ)tih. Therefore, we have xH0 = uti H0 (for some u ∈ CG(ϕ)).
This implies that CG/H0(ϕ0) is ﬁnite, of order at most |CG(ϕ)| × |H : H0|, thus ϕ0 is almost regular.
But ϕ0 induces the automorphism ϕ on G/H and H/H0 is ﬁnite. Consequently, it follows from the
remark above that ϕ is almost regular and so the proof is complete. 
Let m be a positive integer and let Sm denote the free semigroup of rank m freely generated by
X0, . . . , Xm−1. Consider the automorphism σ : Sm → Sm deﬁned by σ(Xi) = Xi+1 for i = 0, . . . ,m − 2
and σ(Xm−1) = X0. We deﬁne inductively a sequence (Wn)n0 of elements of Sm in this way: W0 =
X0 and
Wn+1 = Wnσ(Wn)σ 2(Wn) . . . σm−1(Wn)
for all integers n 0. For instance, we have W1 = X0X1 . . . Xm−1 and
W2 = (X0X1 . . . Xm−1)(X1X2 . . . X0) . . . (Xm−1X0 . . . Xm−2).
Notice that the length of the word Wn is mn .
Lemma 2.4. Let ϕ be an almost regular automorphism of a polycyclic group G of derived length r. Suppose
that ϕm = IdG for some positive integer m. Then there exists a characteristic subgroup H  G of ﬁnite index
such that for all x ∈ H, we have the relation
Wr
(
x,ϕ(x),ϕ2(x), . . . ,ϕm−1(x)
)= 1,
where Wr = Wr(X0, . . . , Xm−1) is the word deﬁned above.
Proof. We argue by induction on the derived length r of G . If r  1 (that is, G abelian), the result fol-
lows from Lemma 2.2(i). Now suppose r > 1. It is well known that G contains a torsion-free subgroup
K of ﬁnite index (see, for instance, [9, 1.3.4]) and by Lemma 2.1 we can assume that K is character-
istic. Let K (r−1) denote the (r − 1)th term of the derived series of K . By Lemma 2.3, ϕ induces on
K/K (r−1) an almost regular automorphism. Since the derived length of K/K (r−1) is at most r − 1, it
follows by induction that K contains a characteristic subgroup H of ﬁnite index (with K (r−1)  H)
such that
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(
x,ϕ(x),ϕ2(x), . . . ,ϕm−1(x)
) ∈ K (r−1)
for all x ∈ H . Put y = Wr−1(x,ϕ(x),ϕ2(x), . . . , ϕm−1(x)) and apply Lemma 2.2(ii) to K (r−1) with the
regular automorphism induced by ϕ . We obtain
yϕ(y)ϕ2(y) · · ·ϕm−1(y) = 1,
namely
Wr
(
x,ϕ(x),ϕ2(x), . . . ,ϕm−1(x)
)= 1
for all x ∈ H . Since clearly H is characteristic in G and |G : H| < ∞, the proof is complete. 
Lemma 2.5. Let G be a polycyclic group admitting an almost regular automorphism ϕ of ﬁnite order m and let
q be a prime with q m. Then G contains a characteristic subgroup H of ﬁnite index such that:
(i)
⋂
λ>0 H
qλ = {1}, where Hqλ is the subgroup generated by the set {xqλ }x∈H .
(ii) For all x ∈ H, we have the relation
Wr
(
x,ϕ(x),ϕ2(x), . . . ,ϕm−1(x)
)= 1,
where r denotes the derived length of G.
(iii) For any positive integer λ, the automorphism ϕλ induced by ϕ on H/Hq
λ
is regular.
Proof. By a result of Shmel’kin [13], G contains a normal subgroup H1 of ﬁnite index which is a resid-
ually ﬁnite q-group and by Lemma 2.1, H1 can be chosen characteristic. By Lemma 2.4, G contains a
characteristic subgroup H2 of ﬁnite index such that
Wr
(
x,ϕ(x),ϕ2(x), . . . ,ϕm−1(x)
)= 1
for all x ∈ H2. Then clearly H = H1 ∩ H2 satisﬁes (i) and (ii). It remains to show that ϕλ is regular.
For that, consider an element x ∈ H/Hqλ such that ϕλ(x) = x. We have in H/Hqλ the relations
Wr
(
x,ϕλ(x),ϕ
2
λ(x), . . . ,ϕ
m−1
λ (x)
)= xmr = 1.
Since q m, it follows x = 1, as required. 
As usual, in a group, the commutator [a1, . . . ,an] is inductively deﬁned by [a1,a2] = a−11 a−12 a1a2
and
[a1, . . . ,an−1,an] =
[[a1, . . . ,an−1],an
]
for n 3.
Proof of Theorem 1.1. Choosing an arbitrary prime q = p, we apply the preceding lemma. Since the
quotient H/Hq
λ
is nilpotent and admits a regular automorphism of order dividing p, its nilpotency
class is at most h(p) by Higman’s result [5]. In other words, we have
[x1, . . . , xh(p)+1] ∈ Hqλ
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follows that H is nilpotent of class at most h(p). This completes the proof of our theorem. 
We give another application of Lemma 2.5. In [8], Kovács proved that if a ﬁnite group G admits
a regular automorphism of order 4, then the second derived subgroup G ′′ is included in the centre
of G . Applying Lemma 2.5 for a prime q = 2 and arguing as in the proof of Theorem 1.1 (with Kovács’
result this time), we obtain without diﬃculty the following:
Proposition 2.1. Let G be a polycyclic group admitting an almost regular automorphism ϕ of order 4. Then G
contains a characteristic subgroup H of ﬁnite index such that H ′′ is included in the centre of H.
In particular, under the hypothesis of this proposition, G contains a characteristic subgroup of
ﬁnite index and of derived length at most 3.
It is still an open question whether the derived length of a ﬁnite p-group with a regular auto-
morphism of order m is bounded by k(m), where k(m) is the Kreknin function (for a deﬁnition of this
function, we refer, for example, to [7]). In case of positive answer, using Lemma 2.5, one could show
that a polycyclic group with an almost regular automorphism of ﬁnite order m contains a subgroup
of ﬁnite index and of derived length at most k(m).
However, independently of the preceding open question, as Khukhro pointed out to the author,
it is possible to obtain a slightly weaker result, the bound k(m) being replaced by 1 + k(m). Indeed,
consider a polycyclic group G with an almost regular automorphism ϕ of arbitrary ﬁnite order m. As
indicated in the proof of Lemma 2.4, there is in G a torsion-free characteristic subgroup K of ﬁnite
index. By a result of Mal’cev [9, 3.1.14], K contains a characteristic subgroup H of ﬁnite index such
that its derived subgroup H ′ is nilpotent. Clearly ϕ induces in H ′ a regular automorphism. But it is
known that the derived length of a torsion-free nilpotent group admitting a regular automorphism of
ﬁnite order m is bounded by k(m) [7, 10.14]. Consequently the derived length of H is at most 1+k(m)
and so G is (soluble of derived length  1+ k(m))-by-ﬁnite.
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